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Abstract 

In this paper, a comprehensive study of contact and Sasakian struc- 
tures on the indicatrix bundle of Finslerian warped product manifolds 
is reconstructed. In addition, the Kahlcr structure on the tangent bun- 
dle of these manifolds is studied for some different metrics. Throughout 
the paper, the contact structure of indicatrix bundle in warped prod- 
uct Finsler manifolds is presented. It is shown that indicatrix bundle 
cannot be a Sasakian manifold. 

Keywords: Contact structure, Finslerian warped product, Indi- 
catrix bundle, Sasakian manifold, Kahlcr structure. 

1 Introduction 

One of the basic concepts in the present work is the warped product. Bishop 
and O'Neill [9] studied manifolds with negative curvatures and introduced 
the notion of warped product as a generalization of Riemannian products. 
Afterwards, warped product was used to model the standard space time, 
especially in the neighborhood of stars and black holes [15]. In Riemannian 
geometry, warped product manifolds and submanifolds were studied in nu- 
merous works [5, 8]. In [1, 12], the concept of Finslerian warped product was 
developed. In this work, some properties of Finsler manifolds are expanded 
to the warped product Finsler manifolds. First, with respect to impor- 
tance of contact structure on the indicatrix bundle which is studied from 
different aspects [2], the contact structure of indicatrix bundle of warped 
product Finsler manifolds is reconstructed as a development of the work [4] 
on Finsler manifolds. Then, the conditions of being a Kahler manifold on 
tangent bundle of Finslerian warped product manifolds are presented as a 
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generalization of the works [16, 17]. In addition, it is also found that indi- 
catrix bundle cannot be a Sasakian manifold in TM for Finsler manifolds. 
These concepts are very closed and in some viewpoints even related to each 
other. The contact geometry in many ways is an odd-dimensional counter- 
part of symplectic geometry, which belongs to the even-dimensional world. 
Both contact and symplectic geometry are motivated by the mathematical 
formalism of classical mechanics in which either the even-dimensional phase 
space of a mechanical system or the odd-dimensional extended phase space 
including the time variable is considered. Also, Sasakian structures and 
Kahlerian structures are known as dual structures belong to odd dimen- 
sional and even-dimensional geometry, respectively [10]. 



Aiming at finding the relations of these structures on a warped product 
Finsler manifold, this paper is organized in the following way. In section 2, 
warped product on the Finsler manifolds is reviewed with respect to the idea 
of Finslerian warped product manifolds in [1, 12]. In Section 3, the triple 
(if, 77, £) is introduced which is compatible with the Sasakian metric on TM 
in the sense of contact metric definition [10]. Then, it is proved that this 
structure is the contact structure of indicatrix bundle for warped product 
Finsler manifolds. This result is a generalization of proposition 4.1 in [4] 
for warped product Finsler manifolds. In Section 4, the Kahler structure 
of a warped product Finsler manifold is studied with respect to the sasaki 
and Oproiu's metrics [16]. Section 4 of this work is similar to the study 
conducted on Finsler manifolds in [17]. After proving that that indicatrix 
bundle naturally has contact structure, it will cross the minds that 
"Does it happen that IM under some conditions has Sasakian structure?" 
Finally in section 5, The components of Levi-Civita connection on the in- 
dicatrix bundle of a Finsler manifold for the restricted Sasakian metric are 
calculated. To this end, a new frame is introduced in which TTM can be 
written in the form of direct sum of vertical Liouville vector field and tan- 
gent bundle of indicatrix bundle. In the rest of this section, it is proved 
that the indicatrix bundle cannot have a Sasakian structure with the lifted 
sasaki metric G and natural almost complex structure J on tangent bundle. 
Therefore, we should not have any expectation of properties of Sasakian 
manifolds in Riemannian geometry on indicatrix bundle as a Riemannian 
submanifold of (TM, G, J). 
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2 Preliminaries and Notations 



Suppose that (Mi, Fx) and (M2, F2) are two Finsler manifolds with dim Mi = 
n and dim M2 = m, respectively. Let M = Mi x M2 be the product of these 
two Finslerian manifolds and consider the function F : TM° — > R + given 

by 



F? + PF* (1) 

where TM° := TM° TM 2 ° and / : Mi — > R, is Fundamental function of 
Finslerian manifold M. It was proved in [1] that (M, F) is a Finsler man- 
ifold called warped product Finsler manifold. The indices k, ...} and 
{a, /3, A, . . .} are used here for the ranges 1, . . . , n and 1, . . . , m, respectively. 
In addition, the indices {a, b,c, . . .} are used for the range 1, . . . ,n + m. 
First, a review of some formulas in [1] is presented. The natural basis of 
Finslerian manifolds Mi and M2 is given as follows: 

f TTAh =< JL, ^ >, T*TM\ =< dx\ 8y* > 

\ TTM 2 =< ^s, & >, T *TM 2 =< du a , 5v a > U 

It is supposed that gij = 29^1 and Sap = 2 dv a dl^ Then > the Hessian 
matrix of F with respect to the coordinate (x, y) G TM is shown by (gab) 
and expressed as follows 



where x = (x,u) G Mi x M2, y = (y,v) G T^Mi T U M 2 and y a = JfV + 

m a 
°a+n v ■ 

If the semi-spray coefficients of F\ , F2 and F are shown by G l , G a and 
-B a , respectively, then the following equations can be obtained 

For simplicity, B a+n is denoted by B a . In addition, nonlinear connection 
coefficient of F is shown as follows 

,,„ . ( I'j Bf 
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where B\ = 



B c - 



dB a R j _ dB l R 



9B' 



and thus: 



ROt _ 1 n apdf 2 dF% 
3 TF y 9x3 



(5) 



Here, some contents and notations which they are needed in the rest of this 
work are presented. First, indicatrix bundle of Finsler manifold (M,F) is 
denoted by IM and defined in [3] by 

IM = {(x, y) G TM | F(x, y) = 1}. 

A contact structure on a (2n + l)-dimensional Riemannian manifold (M, g) 
is a triple (</?, £), where (p is a (1, l)-tensor, 77 a global 1-form and £ a 
vector field, such that: 



<p(Q = T) O(f = 0, 77(f) = 1, 
g(<pX,<pY) = g(X,Y) -r)(X)r)(Y), 
for all X,Y G T(TM) [10]. 



-Id + r]®£; 



dr,(X,Y)=g(X, V (Y)) 



3 Contact Structure of Indicatrix Bundle on the 
Warped Product Finsler Manifolds 

Let (M, -F) be a warped product Finsler manifold. In this section, a local 
frame of tangent and cotangent bundle on TM is choosen which is suitable 
for studying the contact structure on IM as follows: 

{TTM =< s * — — > 

T*TM =< dx\ du a , 8*y\ 5*v a > y ' 

where 

f & ••= A - B iw - B ?^> *v ■= w + B W + ^ Q 

1 ^ : = A - B ^ - K^, := diP + BfdvP + Bfdx* 

which are well-defined by considering Proposition 1 in [1]. In addition, with 
respect to these bases the Sasakian lift of the fundamental tensor g a ^ in (3) 
on TM is shown by G and given by: 

G := g l3 dx l dxi + f ''g a pdu a 'dvP + 5 y WV + f 2 9a^*v a S*v^ (7) 
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The vertical Liouville vector field L of M which is perpendicular to the level 
curve of F can be calculated as follows: 

,„ qradF 2 y l d v a d 

L:=gradF=- = £-_ + __ 8 

y 2F F dy l F dv a K ' 

It can be seen that G(L,L) = 1. The dual 1-form 77 of vertical Liouville 
vector field L is equal to dF or can be calculated by rj(X) = G(L, X) which 
can be locally presented as follows: 

d F 2 ni v 13 
V-=dF= — = V - gij 5*tf + f-g a ^v a (9) 

The almost complex structure J on TTM compatible with Sasakian metric 
G is defined by: 

J:=^® 5*y l - A ^ dx i + ® - ® du a (10) 
5*x l dy % 8*u a dv a v ' 

The horizontal Liouville vector field of M defined by JL and has the local 
presentation as follows: 

_ y i 5* v a 5* 

^ : ~ jl ~f¥x~* + T¥v? (u) 

The horizontal Liouville vector field £ play the role of Reeb vector field [10] 
in the present contact structure on the indicatrix bundle. The dual 1-form 
77 of £ is defined by fj(X) = G(£,X), and is locally expressed as below: 

fj := -p9ijdx ] + f 2 —g aj3 duP (12) 

The restriction of £ and f\ to the indicatrix bundle is shown by £* and 77*. 
Since, F is constant and equal to the unit on the indicatrix bundle IM, 
equations (11) and (12) are changed to following forms: 

? - y ^-t -t- v s , 



V* = y i 9ijdx j + f 2 v a g a pduP 

The (l,l)-tensor field <p is set on the indicatrix bundle IM as follows: 

ip := J\ D , <p(0 = (14) 

where D = {X G TM \ r)(X) = rj*(X) = 0}. The distribution D is called 
contact distribution in contact manifolds. Also, notations G are used to 
restrict metric G to the indicatrix bundle. Now, the following Theorem can 
be stated: 
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Theorem 3.1. Let the 4-tuple (cp, 77*, £*, G) be defined as above. Then the 
indicatrix bundle of a warped product Finsler manifold with {ip, 77*, £*, G) is 
a contact manifold. 

Proof. The compatibility of (p and the metric G is equivalent to compatibility 
of J and G. Also, The conditions 

77*0^ = 0, ¥>(o = 0, ^ 2 = -/+r®??* 

are easy to be proved by considering equations (13) and (14). To com- 
plete the proof, the condition dn*(X, Y) = G(X,(pY) for the vector fields 
X, Y £ T(TIM) needs to be checked. By calculating drf the following can 
be obtained: 

dn* = -G j k g ij dx i A dx k + ^y j dx i A dx k + g ij dx i A 5*y j 

+ ^v?g a pdu a A dx k - f 2 Blg a pdu a A dx k - Big^dx 1 A du a 

-f 2 G^g Pa du a A dui + f 2 v^^du a A dip + f 2 g a pdu a A 6*v? 
= g ij dx i A <5V + f 2 9a/3du a A <5V 

d??*(X,Y) = G(X, JF) 
Since G is the restriction of G to the indicatrix and dr]*(£, .) = thus 

d?7* (X, Y) = G(X, <pY) VX, Y eFD 

So, IM with ((p,rj* ,£* , G) is a contact manifold. □ 

After proving that indicatrix naturally has contact structure, it will cross 
the minds that in which case IM will have Sasakian structure. In section 5, 
we show that indicatrix bundle cannot have Sasakian structure. Therefore, 
we should not have any expectation of properties of Sasakian manifolds in 
Riemannian geometry on indicatrix bundle as a Riemannian submanifold of 
TM. 

4 A Kahler Structure on Finslerian Warped Prod- 
uct Manifolds 

The first part of this section includes the Kahler structure on tangent bundle 
of warped product Finsler manifolds with metric G introduced in (7). In 
Theorem 3.1, it was proved that the Kahler form f2 defined by £l(X,Y) = 
G(X, JY) is close. Therefore, TM naturally has an almost Kahler structure. 
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Consequently, the Kahler structure on (M, J, G) is equivalent to check the 
integrability condition of J. The integrability of J is equal to the vanishing 
of tensor field Nj given by: 

Nj(X,Y) = [JX,JY]-J[JX,Y]-J[X,JY]-[X,Y] VX,Y£FTM (15) 

In order to simplify the equations, the basis (6) can be rewritten as follows: 

5* d 

TTM =< ,t^> (16) 

5*x a dy a v ' 

where ^ = + J^5« +n and ^ = ^ + ^ +n . Moreover, the 

lie bracket of horizontal basis is given by: 

r S* 8* ^ R c d 



L 5*x a ' <5*x 6J ao dy c 

In which the indices are in the same range as in Section 2. For different 
combinations of the basis (16) in computing Nj the following equations are 
presented: 



N (JZ Q_\ _ _r>c _51 K LI ) 

•'U'x a ' dy b I abS*x- 



From these equations, the following Corollary can be inferred: 

Corollary 4.1. Let (M,J,G) be a warped Finsler manifold. Then, TM 
is a Kahler manifold if and only if the horizontal distribution defined by 
HTM :=< s ^* +m > is integrable. 

Now, the Kahler structure on the tangent bundle of a warped Finsler 
manifold is studied using the Oproiu's metric [16] which is used frequently 
in Physics phenomena. For the potential function r defined on F 2 and the 
constants A and B, the new metric G is introduced as follows: 

G = P ab dx a ® dx b + Q ab 5*y a <g> 5*y b 

where P ab = ^gab+'^^YaYbi Qab = Ag ab - g^f^y y y b and y a = g ab y b . 

It can be seen that Q ab := g ac Q cd g db = Ag ab - gj^fjjU yV is the in- 
verse matrix of P ab . Also, the following M-tensor fields on TM are obtained 
by the usual algebraic tensor operations, 

f P b = P ac g cb = P bc g ca = \5 b + T -^y a y b 

\Q b a = Qac9 Cb = Q bC 9ca = AS b - ^pf^ y a y b 
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The almost complex structure J on TM compatible with metric G is pre- 
sented as follow: 



J(— )-Q b - 

dy a> '~ Va A*^6 : 



Air—) ■-- 



-p° 







Theorem 4.1. (TM,J,G) is an almost Kahler manifold. 
Proof. First, compatibility of J and G are checked 

{^(^af^'^afb) = QaQb P cd = Qae9 eC 9bfQ fd Pcd = Qab = G(-^s,-^) 
G(Jgi^r, J = PaP b d Qcd = Pae9 ec 9bfP fd Qcd = P a b = G(gi^r, jjr^) 

For (TM, J, G), the Kahler 2-form is defined by F) = JF) and 
has local presentation as follows: 



P h c Q 



-9bdP dc Q 



b ^ac 



~9ab 



^(<5*x a > 9y fc ) — ^(<5*x a ' Qb8*x c ) — Q'bPa.c — 9bdQ C Pac — 9ab 

From the last equations, the following can be obtained: 

=> ^ = gabdx. 11 A <5*y 6 

This equation and Theorem 3.1 show that Cl is closed and (TM, J, G) is an 
almost Kahler manifold. □ 

To check that J is a complex structure on TM, the local components of 
Nj for the local basis (6) of a warped product Finsler manifold is calculated. 



- (¥> c( dlL - pcdPl _ f>d \ d 

iv JU*x"' 6*x b ) ~ v r a d y c r b dy c 11 ah) dy d 

+ (n,a - P a\b + P§BL ~ PaB d cb )Q d f 
-^j(c5y 5 '> af 5 ') = (QaQ d P e c d ~ Pc'ffi ' 



d d 



end Z?e 



pedQl , pe dQt\ d 



+{Q c aQ d b \ c - QiQtic + Qt B aeQ d c - Q^Qt) 

IV -(S- 5* \_(pd dQl , 9P b nc ndncpe \_S^_ 
iV JV(9y a ' 8*x b > ~~ V b dyd ^ dy a {q Cd VaVe^ 1 db) 5*x c 

-(QaPbi + Ql\bPc + QaB d ce P§ ~ B d J^- d 



(18) 



where P b d ]c = J5l and Q c a]b = Jgj-. It can be obtained that Nj(^, ^) = 

implies Nj{^, ^) = Nj{^, ^) = 0. Therefore, the following corol- 
lary can be expressed. 
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Corollary 4.2. Let (TM, J, G) be the tangent manifold of warped Finsler 
manifold (M,F). Then, (TM, J ,G) is Kahler manifold if and only if the 
followings hold: 

f)pd apd 

JDC_ b TDC ^ a r>d r>d r>d , pc jyd r>cnd r\ 

~£hf ~ Ifif ~ b ~ \ a ~ \ b ~~ ~~ 

Proof. It is an obvious conclusion of equations (18) and Theorem 4.1. □ 



5 Sasakian Structure and Indicatrix Bundle 

In this section, the components of Levi-Civita connection on the Indicatrix 
bundle of Finsler manifolds are computed. In the first part, a new frame is 
set on a Finsler manifold which decomposes TTM in the following way: 
TTM =<L>®<i>®<D> 

where L and £ are presented by y % -^ and y l j^i, respectively. The next 
part includes the Sasakian structure on the indicatrix bundle of a Finsler 
manifold. 



5.1 Levi-Civita Connection on Indicatrix Bundle 

Supposed (M, F) as an n-dimensional Finsler manifold. Since the vertical 
distribution VM is integrable in TTM and vertical Liouville vector field L is 
a foliation in TTM which belongs to VM, therefore, orthogonal distribution 
L'M to L in VM is a foliation and the local basis can be set as follows: 

9 9 

L'M =< -= > 

oy 1 oy n 1 

where = E^-^ Va = 1, ...,n — 1 and E % a is the (n — 1) x n matrix of 
maximum rank. The first property of this matrix is E^g^y 3 = achieved by 
the feature G(-^,L) = 0. Now, using the natural almost complex structure 
J on TTM, the new basis for TTM is introduced as follows: 



TTM = r(JM)0 < L >=< j—, £, 7=—, L > (19) 

ox a ay a 
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where -r-r := J Si;- The Sasakian metric G on TM can be shown in the 

ox a ay a 

new coordinate system (19) as follows: 



G :-- 



( 


9ab 


















F 2 


















9ab 







\ 











F 2 


) 



(20) 



where a, b G {l,...,n - 1} and g ab = G{^,£ b ) = G(^,^) = g ld E\E{. 
Now, Lie brackets of the basis (19) are presented as follows: 



' (1) 


r 5 5 
Ux a ' Sx b 


1 _ , pi F ir>k d 
J ^Sx" &x b ' 5x l ^ ^a^b^ijdyTi 


(2) 


r_5 5_ 

^5x a ' dy b 


l - r*- 5 * + ^ 9 Be « 5 

J ^ 8x a ^~ a b Ksr ij)dy E dy b Sx i ' 


(3) 


r_d d_ 


1 _ ^ a 


tdy a ' dy b 


J \ dy b I dy l ' 


(4) 


\-*- £1 -- 




(5) 


£1 = 


= i- a - ml) + EiGi)^, 


(6) 




= -L( E l)-£?] 


(7) 


\-dy a i J 


= dya ~ -^(^a)^ 7 ' 


I (8) 


[£,£] = 


L,L] = [£,L]+£ = 0. 



(21) 



The local components of Levi-Civita connection V given by: 



2G(V X Y, Z) = XG(Y, Z) + YG(X, Z) - ZG(X, Y) 
-G([X,Z],Y)- G([Y, Z],X)+ G([X, Y],Z) (ZZ) 
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for basis (19) and metric (20) are expressed as follows: 

5x a y 

V ^W= \*4&M!%F - G i9M + G%g hk ) + ^E k d g jk j g d ^ 

+ (#o& 7 \ R bad9 de )j^ + ^pzRabZ, 

a^" = (.9ab ~ \ R bad9 de + -Q±E d g ik g de )^ + -^(\R a b ~ 9ab)t, 
+h E a E l E d(i$- ~ G ikShj ~ G^g hk )g de -^, 
V _e_4^ = l E a E b E d( G ik9hj + Gj k 9hi ~ J^)9 de ^ 

< +04 + ^§r E d9k j9 de )£; ~ w9abL, 

= \Rda9 de j^ - \Rad9 de -Q^i 
V £ = ^ E a) E d9ik + E aGi9hk E d + \Rda)g de ^ + ^Radg^^, 
^^={^a-kRad9 de )^, 

dy a _ 

= ~\ Rad9 de i, + (Z( E i)9ik + ElG{g ]k )E k d g d eJL, 
= V L X - L(E a )E* g tk g d ^ = 0, 
" £ = ^4 " L(Ei)E* g tk g d ^ = 0, 
k = V € L = V L £ - e = V L L - L = 0. 

(23) 

where 

<4 = <W5 dc = \E a EiE\g ijk g^ , 1^ = i^'i^r^* 
^aft_= R dab9 dc = E a E J b E d R l j L j g hk g dc , 

Rab = (g - |f W , #a6 = ^^'^i 

and, (g afe ) is the inverse matrix of (g a b)- 

In following, the Levi-Civita connection and metric on indicatrix bundle 
are denoted by V and G, respectively, which G is the restriction of met- 
ric (20). In order to compute the components of Levi-Civita connection V 
on indicatrix bundle IM for the basis (19) the Guass Formula [13]: 

V X Y = V X Y + H(X,Y) (24) 

where H is the second fundamental form of IM is needed. It is obvious that 
all components in (23) and except V_a_^r are tangent to IM. Therefore, 

g y a "y 

V is equal to V for the other components of (23) by using the Gauss for- 
mula (24). The following corollary can be stated for the component V g A. 

Qya y 
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Corollary 5.1. The indicatrix bundle IM is not a totally geodesic subman- 
ifold ofTM. 

Proof. From (23), we obtain H{-^, ^) = —-pjg a bL which it cannot be 
vanish. Therefore, IM is not totally geodesic submanifold of TM. □ 

The curvature tensor R of V defined by R(X, Y)Z = VjfVyZ-VyVx2- 
V[x,Y]Z is related to the curvature tensor R of V in following equations: 

T>( 8 JL\JL — f>(JL- JL\J>. 1 n 9 I 1 n 9 

^9j/ a ' dy b ' dy c ^ dy a ' dy b ' dy c T 7 ^ dy a ^ F^ yac dy b 

R {j^a) dyb)lhp = ^[ix^lThjb^dy^ + W? E a E b E d(Gik9hj + ~ J^f) L 

R (s^iOdyT = R (jx^^)dyb ~ Fl R abL 

(25) 

where G abc = E l a ElE^G^g hk . For the other combinations of ^ and £, 
tensor fields R and R coincide with each other. 



5.2 Sasakian Structure and Indicatrix Bundle of a Finsler 
Manifold 

First, let (M,(p,r],£,g) be a contact Riemannian manifold. In [6], it was 
proved that M is Sasakain manifold if and only if 

(V x <p)Y = VI,7e r(TM) (26) 

where 

V X Y = V X Y - v(X)V Y Z - ??(}0Vx£ + ( d V + \(^d))(X, Y)£ 

and V is Levi-Civita connection on (M,g). Since the indicatrix bundle has 
the contact metric structure in Finslerian manifolds by Proposition 4.1 in [4] 
and in warped product Finsler manifolds by Theorem 3.1, here it is tried to 
find an answer to the question that " Can the indicatrix bundle be a Sasakian 
manifold with restricted sasaki metric G and almost complex structure J on 
TM ?" . First, the following Lemma is proved in order to reduce the number 
of calculations. 
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Lemma 1. If (M,(p,r],£, g) be a contact metric manifold with contact dis- 
tribution D, then M is Sasakian manifold if and only if: 

(v x # = o vi,Yer(D) 

Proof. For all X € T(TM ), they can be written in the form X + /£ where 
X e YD and / € C°°(M). Therefore: 

(v^)y = (v x +/e^)(y + 56 = (v^)r + (V/^)y + (v x <pH 
+(V/^) 5 e = (Vx^)r + fiy^Y - ^v 5 y) + Vxy(^0 - <p(Vxg£) 

The lemma is proved using Theorem 3.2 in [6] and the last equation. □ 

Now, the following Theorem can be expressed: 

Theorem 5.1. Let (M,F) be a Finsler manifold. Then, indicatrix bundle 
IM(1) with its contact structure given in Theorem 3.1 and Proposition 4-1 
in [4] can never be a Sasakian manifold. 

Proof. From lemma 1, IM is a Sasakian manifold if and only if: 

Using (23), one of the components in above equations is 

g a b = 

which demonstrates a contradiction and shows that the indicatrixe bundle 
cannot be in the Sasakian structure. □ 

Another proof for Theorem 5.1 

The following argument was presented in [11] and Chapter 6 in [10]. We 
consider TM = IM x K for the Finslerian warped product manifold (M, F) 
and introduce the almost complex structure J by means of (p defined in (14) 
as follows: 

J(X + fL) = if(X) - f£ + V (X)L 

where X is a vector field tangent to indicatrix bundle and £, n were defined 
in Section 3. Using a straight calculation, it can be seen that J is equal to J 
defined in (10). The contact structure (y?, 77, ^) will be a Sasakian structure 
if and only if (if, w, £) is normal, or equivalently, J is integrable. From (17), 
it can be inferred that J is integrable if and only if M is a flat manifold. 
Up to now, it can be shown that IM is Sasakian if and only if M is flat. 
Furthermore, it was proved that £ is a killing vector field on each Sasakian 
manifold [10]. Therefore, M has constant curvature 1 using Theorem 3.4 
in [7] and it is a contradiction to the previous result which shows that M is 
flat if IM is a Sasakian manifold. □ 
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